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Abstract. In this paper we quantize symplectic dynamical r-matrices over a possibly 
nonabelian base. The proof is based on the fact that the existence of a star-product with a 
nice property (called strong invariance) is sufficient for the existence of a quantization. We 
also classify such quantizations and prove a quantum analogue of the classical composition 
formula for coboundary dynamical r-matrices. 

Introduction 

Let () C g be an inclusion of Lie algebras and H C G the corresponding inclusion of 
Lie groups. Let U C t)* he an invariant open subset and let Z e (A^g)^. A (coboundary) 
dynamical r -matrix is a l)-equivariant map r : U ^ A^q satisfying the (modified) classical 
dynamical Yang-Baxter equation 

1 Aj. 

-[r{X),r{X)]-Y,h,A^{X) = Z (A e (7) , 

i 

where {hi)i and (A*)i are dual bases of t) and t)*, respectively. Then (following [l4l[6]) 
(0.1) TTr ■.^nun+'^-Qj- /\h, +r{X) , 

i 

together with Z, defines a iJ-invariant (0-)quasi-Poisson structure on M = U x G. Here irun 
is the linear Poisson structure on [/ C f)*. 

Such a dynamical r-matrix is called symplectic if the g-quasi-Poisson manifold (M, tti-, Z) is 
symplectic, i.e. if irf : T*M TM is invertible and Z = 0. 

By a dynamical twist quantization of r(A) we mean a f)-equivariant map J = 1® l-\-0(h) : 
U ®'^U2[[h]] satisfying the semi-classical limit condition 

J{X) - J^'\X) = hr{X) +0{h'^) (XeU) 

and the modified dynamical twist equation 

J''^'(A) *PBW J'''(A + = ji'"3(A) *PBw J'''(A) (A e [/) . 

where $ G (®^t^0)^[[^]] is an associator quantizing Z, of which we know the existence from 
[U Proposition 3.10]. Recall that *pbw is the Poincare-Birkhoff-Witt star-product given on 
polynomial functions as the pull-back of the usual product in J7(l)?ii3by the symmetrization 
map sym: S'(f))[[?i]] — > U{\:)h). We also made use of the following notations: 

J^'^'^{X) -.^ {A(E)id){J{X)) and 

fc>0 ii-jfc 

In this paper we prove the following generalization of [iSi Theorem 5.3] to the case of a 
nonabelian base: 



lf)ft = t)[[h]] with bracket := 



1 
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Theorem 0.1. Any symplectic dynamical r-matrix admits a dynamical twist quantization 
(with ^ = 1). 

Furthermore, two dynamical twist quantizations Ji, J2 ■ U ^ ®^C/0[[?i]] of r are said to 
be gauge equivalent if there exists a t)-equivariant map T = 1 + 0{h) : U Ug[[h]] such that 

*PBW >/l(A) = J2(A) *PBW *PBW 

In this context we also prove the following generalization of [TSl Section 6] to the case of a 
nonabehan base, asserting that dynamical twist quantizations are classified by the second 
dynamical r-matrix cohomology (see Definition 13. 2p : 

Theorem 0.2. Let r be a symplectic dynamical r-matrix. Then the space of gauge equiva- 
lence classes of dynamical twist quantizations of r (with ^ = 1) is an affine space modeled 
on H^^{U,Q)m]- 

A class of examples of symplectic dynamical r-matrices is given by nondegenerate reductive 
splittings. A reductive splitting g = f) ©m (with [f),m] C m) is called nondegenerate if there 
exists A G [}* for which w(A) G A^m* defined by a;(A)(a;,y) =< A, > is nondegenerate. 

Then ^"(A) := — cj(A)^^ G A^m C A^g defines a symplectic dynamical r-matrix on the 
invariant open subset {A|deta;(A) 7^ 0} C [)* (see [111 Proposition 1] or [14l Theorem 2.3]; see 
also [21 Proposition 1.1] for a more algebraic proof). Moreover, one can use it to "compose" 
dynamical r-matrices (see [HI Proposition 1] and [71 Proposition 0.1]): 

Proposition 0.3 (The composition formula). Assume that \) — i®m is a nondegenerate 
reductive splitting and let rj" : t* D F ^ A^f) 6e the corresponding symplectic dynamical 
r-matrix. If p : t)* D U ^ A^g is a dynamical r-matrix with Z G (A^g)" , then 

Op := r{" + Pit* : t* D C/ n y — > A^g 

is a dynamical r-matrix with the same Z . 

We prove that one can "quantize" the map p ^ Op-. 

Theorem 0.4. With the hypothesis of Proposition fOTM there exists a map 

: {Dynamical twist quantizations of p} — > {Dynamical twist quantizations of 9p{ 

which keeps the associator $ fixed. 

The paper is organized as follows. 
In Section 1 we first recall basic facts about quasi-Poisson manifolds, compatible quantiza- 
tions and related results. We then give a sufficient condition for the existence of dynamical 
twist quantizations. 

In Section 2 we give a very short proof of Theorem 10. 1^ using a result stating the existence 
of a quantum momentum map (see also [TOt IT2] 1 which is based on Fedosov's well-known 
globalization procedure [HI [9] . We start the section with a summary of basic ingredients of 
Fedosov's construction. 

In Section 3 we prove Theorem 10.21 using a variant of the well-established classification of 
star-products on a symplectic manifold by formal series with coefficients in the second De 
Rham cohomology group of the manifold. 

In Section 4 we prove a quantum analogue of the composition formula for classical dynamical 
r-matrices. We start with a new proof of the classical composition formula (Proposition 10. 3p 
using (quasi-)Poisson reduction. We then derive its quantum counterpart (Theorem 10. 4p 
using quantum reduction. 

Notations. We denote by Or,. = S{\)) polynomial functions on i)* , Ou = C°°{U) D 0|,. 
smooth functions on [/ C f)*, and Og the ring of smooth functions on the (eventually formal) 
Lie group G. For any element x G g we denote by ~x (resp. Ir ) the corresponding left (resp. 
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right) invariant vector field on G. 
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1. A SUFFICIENT CONDITION FOR THE EXISTENCE OF A DYNAMICAL TWIST 

QUANTIZATION 

Let r : t)* D U ^ A^g be a coboundary dynamical r-matrix. Denote by tt^ the bivector 
field onM = U xG given by ((Ol|) . 

1.1. Quasi-Poisson manifolds and their quantizations. Recall from [11 [2] that a (g-) 
quasi-Poisson manifold is a manifold X together with a g-action p : g — > X(A), an invariant 
bivector field tt £ T{X, h^TXy and an element Z e (A^g)^ such that 

(1.1) [n,Tl]=p{Z). 

Let {/, 5} :=< i^,df A dg > {f,g G Ox) be the corresponding quasi-Poisson bracket. Then 
equation l|l.ip is equivalent to 

{{/, 5}, h} + {{h, /}, 5} + {{5, h}, /} =< p{Z), dfAdgAdh> if, g,he Ox) ■ 

One can define the quasi-Poisson cochain complex of (A, tt, Z) as follows: fc-cochains are 
G^{X) = r(A, a'^TA)*' and the differential is d^ = [tt, -]. The fact that d^ o d^ = follows 
from an easy calculation: 

drr o d^ix) = [tt, [7r,x]] = ^[[Tr,^],^] = ^[piZ),x] =0 (xeG^iX)). 

Let us now fix an associator <& S (®'^C/0)^[[^]] quantizing Z (we know it exists from [5', 
Proposition 3.10]). Following [6, Definition 4.4], by a quantization of a given quasi-Poisson 
manifold (A, tt, Z) we mean a series * £ Bidiff(A)8[[fi,]] of invariant bidifferential operators 
such that 

• f *9=^ f9 + 0{h) for any f,g £Ox, 

• f*9-9*f = Hf,9} + 0{h^) for any f,g £ Ox, and 

• if we write m,(/ ® g) '.^ f * g for f,g£ Ox, and $ := S'®^($"^), therU 

(1.2) m* o (m* ® id) = m* o (id ® to*) o p®^($) . 
Here, S denotes the antipode of Uq. 

One has a natural notion of gauge transformation for quantizations. It is given by an 
element Q = id + 0{h) £ Diff(A)B[[ft]] that act on *'s in the usual way: 

/>,(Q)g:=g-i(Q(/),Q(g)) {f,g£Ox). 

More precisely, if ($, *) is a quantization of (Z, tt) then (<&, h<('3)) is also. In this case we say 
that * and *^'^^ are gauge equivalent. 



'We thank Pavel Etingof for pointing to us that one has to use $ instead of "I" in this definition. 
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1.2. Classical and quantum momentum maps. Let {X,n,Z) be g-quasi-Poisson mani- 
fold and let 5 be a Lie algebra with Lie group G. A momentum map is a smooth g-invariant 
map ^ : M ^ Q* such that /z*7r = nun and for which the corresponding infinitesimal action 
G — * ^{X); X I— > {^*x, — } integrates to a right action of G. 

Let us describe the reduction procedure with respect to a given momentum map ^. First 
of all G acts on n~^{0) and hence one can define the reduced space Xred ■= ^~^(0)/G. Let 
us assume that it is smooth (this is the case when is a regular value and G acts freely); 
its function algebra is Ox^^^ = 0^/(0^ nlo), where Jq is the ideal generated by im(/i*). 
Since /i is g-invariant then g acts on /i~^(0). Moreover the fl-action and the C/-action com- 
mute (because tt and /i are g-invariant) , consequently g also acts on Xred- Now observe that 
= {/ e Ox\{f, lo} C To}, therefore the quasi-Poisson bracket {, } naturally induces a 
quasi-Poisson bracket (with the same Z) on Ox^ed- In other words, Xred inherits a structure 
of a quasi-Poisson manifold from the one of X. 

Now assume that we are given a quantization (*, $) of the quasi-Poisson manifold {X, tt, Z). 
By a quantum momentum map quantizing ^ we mean a map of algebras 

taking its values in g-invariant functions, and such that for any / G Ox and any x € G one 

has [M{x)Jl^h{ti*x,f}. 

Remark 1.1. One only needs to know M on linear functions x ^ G- 

Let us describe the quantum reduction with respect to a given quantum momentum map 
M. First denote by T the right ideal generated by im(M) in (0x[[^]], *) and observe that 
its normalizer is Therefore 0\[[h]] CiI is a two-sided ideal in and we can 

define the reduced algebra A := 0\[[h]]/0]^[[h]] HI. Since I ^ Io[[h]] then A ^ Ox,.,AM 
(as M[[fi]]-modules). It is easy to see that the induced product on Ox,.ed[[^]]; together with 

gives a quantization of the quasi-Poisson structure on Xred- 

A quantization * of a quasi-Poisson manifold (M, tt, Z) with a momentum map fi : M 
G* for which /z* itself defines a quantum momentum map (it will be M = U{p*) o sym) is 
called strongly (G-) invariant. 

1.3. Compatible quantizations. Let us first observe that tt^ defines a quasi-Poisson struc- 
ture on M — U X G. Here the action is g 9 a; i-^ aT G X(M) (it generates left translations). 
Remark that since Z E (A^g)^ then Z ~ Z . Moreover, the natural map M ^ [}*, (A, 5) t-^ X 
is a momentum map and the corresponding right 77-action is given by (A, g)-h := (Adj!jA, gh) 
(following the notation of the previous § we have G = Conversely, 

Proposition 1.2 ([Mj, Proposition 2.1). A map p £ C°°{U, A^q) is a coboundary classical 
dynamical r-matrix if and only if 

TT = TTUn + ^ ^ hhi+ p{X) 

defines a Q-quasi-Poisson structure on U x G. 

Proof. The proof given in |14j is for the case when Z = 0, but it admits a straightforward 
generalization. □ 

Following Ping Xu ([HI), by a compatible quantization of tt^ we mean a quantization *' 
which is such that for any u,v £ Ot,. and any / G Oq, u*' v — u *pbw v, f *' u — fu and 

fc>0 ii,...,ifc 
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Proposition 1.3. There is a bijective correspondence between compatible quantizations of 
TTr and dynamical twist quantizations ofr. 

Proof. Let *' be a compatible quantization of Tr^. Since *' is G-invariant then for all /, 5 G Oq 
one has 

(/*'g)(A) = J(Aj(/,5) (Aer) 
with J -.U ^ ®'^UQ[[h]]. Moreover 

Lemma 1.4. *' is strongly l)-invarian^. 

Proof of the lemma. Let / = gu {g G Oq and u G Oij*) on U x G. Then for any /i G f) one 
has 

h*' f — f *' h ~ h *' (gu) — (gu) *' h — h *' {g *' u) — {g *' u) h 

— {h*' g) u — g *' {u *' h) ($ acts trivialy) 

— {g *' h + h{h ■ g)) *' u ~ g *' {u *' h) 

= 9*' {[h,u]^>) + h{xh ■ g)*' u = 5([^,"]*PBw-) + HXh ■ g)u 

= Kaixh ■ u) + (xh ■ g)u) = h{xh ■ /) 

Hence for any / G Oa/, h*f-f*h = h{xh ■ /)• □ 

Therefore using |14l Proposition 3.2] one obtains that J is i?-equi variant. The following 
lemma ends the first part of the proof: 

Lemma 1.5. J satisfies the dynamical twist equation. 

Proof of the lemma. Let us define L : q 3 x ^ ~x and R : g 9 a; ^ IzT, and denote by 
j^(ti) . Q(^n _^ ■ ^ . . . ^ ^ . . . the standard n-fold product of functions. A 
computation in [l^ emphases the fact that for all f,g,h€ Og, one hafl 



m*' o (m*/ ® id)(/ (g) 5 (g) ft,) = J^^'^(A) *pbw J^'^(A + hh^^'>){f (g) g (g) h) 

and ^ 

TO,' o (id (g) m^,){f g)g(g)h)^ J^^^^(A) *PBW J^'^Wif <E)g<E)h). 

Therefore, 

TO,' o (id (g m,0 o R®3($)(/ ^g^h) = m(3) (L«3( ji,23(^) ^^^^ j2'3(A))R«53(5)(j ® g ® h)) 

= m(3) (R®3($)L®3( Jl'23(^) ^^^^^ J'''(A))(/ ® 5 ® M) 



= 5®3(^-i)(L«3(ji,23(^) ^^^^ J^'iXm ^g^h)) 
^ $^(L®3( ji,23(A) J'^'(A))(/ 5 ® M) 

= ji'23(A) *pB,t. J^'^xiif (g)g(g)h), 

where the equality before the last one follows from the invariance of <&. This ends the proof 
of the lemma. □ 

Conversely, let J — J2a fa-^a ® Ba be a dynamical twist quantization of r (/„ G Of/ll^]] 
and Aa,Ba G Ug). Following [Hj we define a G-invariant product on C'Af[[ft]] by 

51*' 52:= X! X! /a (^a • g^,^ ^ ^ g^^^ ) *PBW (-Bafeii ■ ■ ■ fei, ' 32) ■ 



^In particular *' is //-invariant. It was not noticed in [Ti], where the definition of compatible star- products 
includes this iZ-invariance property. The lemma claims that it comes for free (like in the classical situation). 

^The reader must pay attention to the following important remark: for any P £ ®"Uq we denote by 
P (resp. P) the corresponding left (resp. right) invariant multidifferential operator, while L®"(P) (resp. 
R®"(P)) is an element in (gi"Difr(G)'^''=/t (resp. (gi"Diff(G)'^'-'9" ). Namely, P = m(") o (L®"(P)). 
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One can check by direct computations that f)-equivariance of J impHes strong [}-invariance 
of and that the dynamical twist equation impUes equation (|1.2p . □ 

Remark 1.6. Since Of,* — S{\)) is generated as a vector space by /i", h E \) and n G N, 
then one can rewrite condition l|1.3p as 

n 
k=0 

We saw in Lemma 11.41 that a compatible quantization always satisfies the strongly t)- 
invariance condition. In what follows we show that this condition is actually sufficient for 
the existence of a compatible quantization. 

1.4. A sufficient condition for the existence of a compatible quantization. 

Proposition 1.7. Assume that we are given a strongly \)-invariant quantization * of iTr on 
M. Then there exists a gauge equivalent compatible quantization *' of nr. Therefore there 
exists a dynamical twist quantization J of r. 

Proof. First observe that h* h' — h' *h = h[h, h']t, — [h, h']tj^. Therefore we have an algebra 
morphism 

a:U{t)H) (Om,*). 
Then define the algebra morphism Q : Otj'xG — S{1)) Og — > Cm as follows: 
Qifu) = f * aisymiu)) (u e 3(1)), f e Og) , 

where sym : S'(f))[[ft]] — > U{l)h) is the isomorphism sending h" to h" for any ft. £ t). Thus 
Q{h'^® f) = f * h * ■ — * h , and since * can be expressed as a series mQ + 0{h) of bidifferential 

n times 

operators on M then Q can be expressed as a series id + 0{h) of differential operators on M. 
Moreover it is obviously g-invariant (since * is), consequently we have a new quantization *' 
of TTr, gauge equivalent to *, defined as follows: for any f,g& Om, 

fVg^Q'\Q{f)^Q{g)). 

Let us now check that satisfies all Xu's properties for compatible quantizations. 

• for any u,v € S{t)), 

u*'v = Q^"'^ (a(sym(u)) * a(sym(u)) 
= Q"^(a(sym(w)sym(w))) 
= Q""^ (a(sym(w *pbw «))) = w *pbw v 

• let M G S{\)) and / G Og, then f *' u = Q^^{f * a{sym{u))) — fu. Let us now 
compute u *' /; we can assume that u ~ ft", ft G f), and then 

M*'/ = g~^(a(sym(M)) * /) = Q~^( ft * ■ ■ ■ * h *f) 

71 times 

71 

= Q-\Y.^lh\~h^-f)*h2_^) 

n—k times 

ri 

= ^ft'^-c,t('ft'= ■/)ft"~'= 

• since * is a fl"-invariant star-product, then Q is a i?-invariant gauge equivalence. 
Therefore *' is also i7-invariant. 

The proposition is proved. □ 

Remark 1.8. The gauge transformation Q constructed above obviously satisfies Q{h) — ft 
for any ft G f). 
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2. Quantization of symplectic dynamical t-matrices 



In this section we prove Theorem 10.11 We start by recaUing Fedosov's construction of 
star-products on a symplectic manifold (for more details we refer to jfillSj). 

2.1. Fedosov's star-products. Let {M,uj) a symplectic manifold and denote by tt = oj~^ 
the corresponding Poisson bivector. Then its tangent bundle TM inherits a Poisson structure 
TT expressed locally as 

where ?/"s are coordinates in the fibers. This Poisson structure is regular and constant on 
the symplectic leaves which are the fibers TxM of the bundle. Therefore it is quantized 
by the series of fiberwize bidifferential operators exp [hir). It defines an associative product 
o on sections of = S{T*M)[[h]] that naturally extends to n*{M,W). The center of 
(ri*(M, W), o) consists of forms that are constant in the fibers, i.e. lying in il*(M)[[fi,]]. 

By assigning the degree 2fc + I to sections of h^S'^{T*M) there is a natural decreasing 
filtration 

W ^Wo^Wiz:) ■■■z>W^^ Wi+i d---dOm. 

Now fix (once and for all) a torsion free connection V on M with Christoffel's symbols 
T'^j. One can assume without loss of generality that it is symplectic (see |9] Section 2.5]), 
which means that to is parallel w.r.t. V. Then consider 

d : n* (M, W) n*+^M, W) 

its induced covariant derivative. In Darboux local coordinates we have 

a = d + i[r,Ho, 

where T — —^Tijky^y^dx'^ is a local 1-form with values in W {Tijk — w,;;r' j,). One has 

where R = jRijkiy^y-' dx^ f\dx^ , and Riju = '^imRJli the curvature tensor of the symplectic 
connection V. 

Let us consider more general derivations of {fl*{M, W), o) of the form 

D = d-d+hr, -]o 
n 

where r G ^'^{M, W) and 6 = j^[ujijy'^dx^ , — A simple calculation yields that 

whereQ = uj + R + Sr — dr — j^r'^ £ fl'^{M,W) is called the Weyl curvature oi D . In particular 
D is fiat (i.e. D"^ — 0) if and only if G r2^(M)[[?i]] (i.e. is a central 2-form), and in this case 
the Bianchi identity for V implies that d^} = Dfl = 0. 

In computing one sees that S : fl* {M,Wk) — > il*^^{M,Wk-i) has square zero and 
that the torsion freeness of V implies Sd + dS = 0. Then we define a homotopy operator 
K : n*{M,Wk) n*-\M,Wk+i) on monomials a G nP{M, S^T* M)): if p + q ^ then 

K{a) = —^y'dax,a 
p + q 

and otherwise K(a) = 0. One easily check that = and Sk + kS = id — cr where 
is the projection onto 0-forms constant in the fibers. 
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Theorem 2.1 (Fedosov). For any closed 2-form fl = uj + 0{h) e Z'^{M)[[h]] there exists a 
unique r G ^^{M, W3) such that K{r) ~ and 

D^d-S+^[r, -]o 
has Weyl curvature and is therefore flat. 

Proof. First observe that fl = iv + R + 6r — dr — j^r'^ with K{r) = if and only if 

(2.1) r = K{fl-uj-R + dr+^r'^). 

Since d preserves the filtration and k raises its degree by 1 then K{n — uj — R) G f2^(M, W3) 
and the sequence (r„)„>3 defined by the iteration formula 

(2.2) r„+i =ro + K{drn + j^rl) 

with r3 = K{fl — ijj — R) converges to a unique element r G Vl^{M, W3) which is a solution of 
equation l|2.ip . We have proved the existence. 

Conversely, for any solution r G r2^(M, VF3) of l|2.ip define r^ = r mod Wk+i- Then 
ra = k{VI — uj — R) and the sequence (r„)„>3 satisfies (|2.2p . Unicity is proved. □ 

Such a fiat derivation D is called a Fedosov connection (of V -type). The previous theorem 
claims that they are in bijection with series of closed two forms starting with lu. 

Theorem 2.2 (Fedosov). If D is a Fedosov connection then for any fo G C°°(M)[[?i]] there 
exists a unique D-closed section f G r(M, W) such that <j{f) = fo. Hence a establishes an 
isomorphism between Z^{W) and C°°{M)[[h]]. 

Proof Let /o G C°°{M)[[h]]. One has D{f) = with cr(/) = fo if and only if 

(2.3) f = fo + ^{df + j^[rj]o). 

Like in the proof of Theorem 12.11 we can solve (uniquely) this equation with the help of an 
iteration formula: /„+i = fo + k(9/„ + ^[r, /„]□). □ 

Then f * g = cf{a^^{f) o cr^^(.g)) defines a star-product on C°°(M)[[ft]] that quantizes 
(M, cj). A star-product constructed this way is called a Fedosov star-product (of V -type) and 
is uniquely determined, once V is fixed, by its characteristic 2-form 

ton ■.= \{n-uj)e Z''{M)[[h]]. 
n 

Moreover one can easily prove the following 

Lemma 2.3 ([4J). Let ujf' = Y.k>o^^~^^k^ ^ Z'^{M)[[h]] (i = 1,2) and denote by *i the 
Fedosov star-product with characteristic two-form If ^')^^ — ^''ii' + 0{h^) then 

,(1) _ ,(2) = ;jfe+V#(4i) _ ) + 0{h^+^) . 

2.2. Fedosov's construction in the presence of symmetries. Let (M, cj) a symplectic 
manifold. Let us prove two results on the compatibility of Fedosov's construction with group 
actions and hamiltonian vector fields. 

Proposition 2.4 (Fedosov). Assume that a group G acts on (M, w) by symplectomorphisms 
and is equipped with a G-invariant torsion free connection. Then for any ojh G Z-^(Af)''[[/i]] 
the corresponding Fedosov star-product is G-invariant. 
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Proof. First observe that starting from a G-invariant torsion free connection V one can 
assume without loss of generality that it is symplectic (see the proof of Proposition 5.2.2 in 
[9], where all expressions become obviously G-invariant). 

Then, being a symplectomorphism of (M, w), any element g £ G acts via its differential dg 
on (TM, tt) as a Poisson automorphism linear in the fibers. Then its dual map g* : T*M 
T*M defined by < g*£,,x >=< £^,dg{x) > extends to W as an automorphism. 

Finally, we need to prove that g* preserves the Fedosov connection with Weyl curvature 
n = uj + ujh- On one hand the automorphism g* commutes with d (since V is assumed to 
be G-invariant) and so g*R = R. On the other hand g* also commutes with S and k, thus 
if r is a solution of equation (|2.ip with K(r) = then so is g*r. By uniqueness g*r — r. We 
are done. □ 

Proposition 2.5 (Fedosov). Let H G Om such that x = {H,-} preserves a torsion free 
connection on M. Then for any ujn £ Z^(Af)[[fi,]] such that ixt^n = the corresponding 
Fedosov star-product * satisfies H*f — f*H^ h{x ■ /) for any f G Om- 

Proof. First observe that L^ujfi — ((it^+i^d)^^ — 0. Therefore, the infinitesimal version of the 
previous proof ensures us that the Fedosov connection D with Weyl curvature fl — uj + ojn 
is Lx-equivariant. Hence in local Darboux coordinates it writes D — d + j-[j,~]o with 
L^j = 0, and V, — —d'f ~ jrj^. Let us compute 

^[7,tx7]o = L^n + L^d-f+^l 



Since a{H — 1^7) = o-{H) = H, it means that a ^ (H) = H — 1^7 in local Darboux coordi- 
nates. Consequently, for any / G ©^/[[fi-]] 

H*f-f*H = a{[H-ixl,^-Hf)l)^^{~Kl^^~Hf)l) 

= a{ - LxKD - d)a-\f)) = ha{ixda-\f)) 

= ha{Lxa-\f) ~ dix^-\f)) = ftLj/) = h{x ■ f) 
The proposition is proved. □ 

2.3. Proof of Theorem 10. IL Let r : U ^ A^g a symplectic dynamical r-matrix. A basis 
B of vector fields on M — U x G is given by B = [... ,d\i ........ ,.. .) where (A*)i is a 

base of [)* and (ei)i is a base of q. Then one defines a torsion free connection V on M as 

VbX = i [h, X] {beB,X e X{M)) . 

Remark that [xh,b] G spanjjB for any b G B. Therefore it follows immediately from the 
Jacobi identity that V is f)-invariant: for all X, F G X(M) and h Gi), 

[Xh,^xY] = ^[x..x]Y + Vx[Xh,Y]. 

Thus from Proposition 12.51 the Fedosov star-product * with the trivial characteristic 2-form 
is strongly fj-invariant. Moreover V is obviously G-invariant, hence Proposition 12.41 implies 
that * is also G-invariant. 

Finally, we apply Proposition 11.71 to construct a compatible quantization of tt^. We are 
done. □ 

3. Classification 

Let r : tj* D U ^ A^g a dynamical r-matrix. Denote by tt^ the corresponding i?-invariant 
0-quasi-Poisson structure (|0.ip on M = U x G (together with Z G (A^g)"). 
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3.1. Strongly invariant equivalences and obstructions. By a strongly invariant equiva- 
lence between two strongly ()-invariant quantizations of tt^ we mean a 77- invariant equivalence 
Q (namely, Q = id + 0{n) e DiSiMf^iin]]) satisfying Q{h) = h for any G f) C Cm- We 
will now develop an analogue of the usual obstruction theory in this context. 

Let us denote by b the Hochschild coboundary operator for cochains on the (commutative) 
algebra Om- We start with the following result which is a variant of a standard one. 

Proposition 3.1. Suppose that *i and *2 are two strongly invariant quantizations ofiTr: 

f^.g = J2h''Cl{f,g) (z = l,2). 

fe>0 

Assume that *i and *2 coincide up to order n, i.e. C\ = if k < n. Then 

(1) there exists B g r(Af, h^TM)^''" and E e Difr(M)'^^-«^ such that B{h, -) = and 
E{h) = if h G t) C 0\f' , [tt,-, B] ~ 0, and satisfying 

{Cl+i - Cl+^){f.g) = B{f,g) + {hE){f.^g) {f,ge Om) ; 

(2) there exists P E DiS{M f" such that Ci = tt^ + bP and P(h) = for h e f); 

(3) if B = [Trr,X], X e X{M)'~^^^ such that X{h) — 0, then the strongly invariant 
equivalence Q = \ + h"X + h'"-^^{E + [X,P]) transforms *i into another strongly 
invariant star-product which coincides with *2 up to order n + 1. 

Proof. We use a similar argument as in |13[ [Sj [J • 

(1) It is well-known that b{C^^i — C^+i) = 0. Hence we may write 

C^+i - Cl^i = B + b{Eo) 

where B £ r(M, A^TM)'^''" is the skew-symmetric part of C^+^-Cl^i and Eq E Diff(M). 
Moreover, one knows (see e.g. [1]) that [7rr,-B] = 0, and it follows directly from the strong 
l)-invariance property for *i and *2 that B{h, —)= if h E i). 

Since U xG admits a G x if-invariant connection and b{Eo) is obviously G x i7-invariant, 
then according to [3l Proposition 2.1] we can assume that i?o is G x i7- invariant. In particular 
Eq is G-invariant and hence i?o(/), / G Ojj, is a function on U only. Thus we can define 
a i/-invariant vector field v on U as follows: < dh,v >= EQ{h) for any h E i) C Ou- Now 
E := Eq — V satisfies all the required properties and b{E) — b{Eo) — b[v) — b{Eo). 

(2) It is standard that Ci = iTr + b{Po). By repeating a similar argument as in (1) we can 
prove that Pq can be chosen so that Pq = P E Diff(A/)''^^ and satisfies P(h) = for any 
hE\). 

The third statement (3) follows from an easy (and standard) calculation. □ 

This proposition means that obstructions to strongly invariant equivalences are in the 
second cohomology group of the subcomplex G°°(?7, A*^)'' in the i?- invariant quasi-Poisson 
cochain complex of (M, TTr, Z). On such cochains c the (quasi-)Poisson coboundary operator 
[iTr, — ] reduces to dr{c) := hi A + [r, c]. 

Definition 3.2. The cohomology H*{U,q) of this cochain complex is called the dynamical 
r-matrix cohomology associated to r : U — > A^g. 

3.2. Classification of strongly invariant star-products. Now assume that the quasi- 
Poisson manifold (M, tt^) is actually symplectic and denote by ujr the symplectic form; it 
is G X iJ-invariant and satisfies i-xh^ — for any h E t) (Z Ot,*. The G x iJ-invariant 
isomorphism 

Tif : T*M^TM 
extends to a G x i/-invariant isomorphism of cochain complexes 

{n*{M),d)^{riM, A*TM),[7rr, -]) 
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which restricts to an isomorphism 

{n;iMf,d)^ic^iu,A*3)\dr), 

where f^^(M) := {a G n*{M)"\i^^a = 0, V/i £ ()}. 

Let us fix once and for all a symplectic G x _ff -invariant connection V on M (we know it 
exists) and remember from the previous section that for any ujn e hn'^{M)^^^[[h]] such that 
dcufi = there exists a (unique) G x i/-invariant Fedosov star-product * with characteristic 
2-form ujh- Moreover, if un G ri^(M)[[/i]] then Proposition 12.51 implies that * is strongly 
[)-invariant. Therefore we can associate a strongly invariant quantization of tt^ (which is 
actually a Fedosov star-product) to any closed two form ojh & ^'^{M)^[[h]]. 

In the rest of the section, all Fedosov star-products are assumed to be of V-type and 
G- invariant (since they quantize the g-quasi-Poisson structure tt^). 

Theorem 3.3. Two strongly invariant Fedosov star-products are equivalent by a strongly 
invariant equivalence if and only if their characteristic 2- forms lie in the same cohomology 
class in H^''^ {M)[[n]]. 

Proof. Let *o and *i two strongly invariant Fedosov star-products with respective charac- 
teristic 2-form Lo'j^^ and cjjj^'. 

First assume that = cj|^^^ + da for some a = J^k ^^ot^^'' G ^f)(-^^)'~^[[^]]) and define 

uih{t) — ^^n'' + Let Dt = d — 5 + ji[r{t),—] be the Fedosov differential with Weyl 

curvature ^{t) = u + hjOti{t)- Let H{t) G r(M, W) be the solution of the equation 

DtH{t) = -a + r{t) 

with a{H(t)) = 0. Then H{t) is G x i/-invariant since Dt, a and r{t) are. According to [9l 
Theorem 5.5.3] the solution of the Heisenberg equation 

^ + [i7(i),F(t)]o = 0, F(0) = / 

establishes an isomorphism Z^^^ {W) (W^)i / -^"(1) a-nd then the corresponding series 

of differential operators Q : {OM[[fi]], *o) ~> (Cm[[^]], *i) is obviously G x _ff -invariant. 
Remember from the proof of Proposition 12.51 that in local Darboux coordinates the Fedosov 
differential writes Dt ~ d + jilit), ■^]o and cr^^{h) = h — i^xhli^) if ^ G f). Now remark that 
"f{t) = r{t) and that i-xh^i'^) is independent of t. Hence a^^{h) does not depend on t and 
thus Qih) — h. 

Conversely, assume that *o and *i are related by a strongly invariant equivalence with 



\0J 



^ [4^^] in H'^''^{M)[[h]]. Write = Efe>o ^'"'^^4'' = 0' 1) and denote by I the 
lowest integer for which [i^f'^] ^ [t^;^'] in H^'^{M). Let us then define 

0<k<l k>l 

(2) 

and *2 the strongly invariant Fedosov star-product with characteristic 2-form u!f^ . Since 
[iVf^ ] = I'^h ] & ' {M)[[h]] then *2 is equivalent to *i, and hence to *o, by a strongly 

invariant equivalence. Then we deduce from Lemma lTSl that Cf_^^ — Gj'Yi — '"'^(wp^ — w|°^), 
where G^'s (i — 0,2) are the cochains defining *i. Thus it follows from Proposition 13.11 that 
Ljp' — uji^^ is exact and we obtain a contradiction. □ 

Theorem 3.4. Any strongly invariant quantization of iTr is equivalent to a strongly invari- 
ant Fedosov star-product by a strongly invariant equivalence. Therefore the set of strongly 
invariant star-products quantizing i^r up to strongly invariant equivalences is an affine space 
modeled on i?? '^(M)[[ft]] = H'^{U,q). 



h 
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Proof. We follow [U Proposition 4.1]. 

Let * be an arbitrary strongly invariant quantization of tt^. Denote by *o the strongly 
invariant Fedosov star-product with the trivial characteristic 2-form, which coincides with * 
up to order 0. Moreover, the skew-symmetric part of the first order term in * — *o vanishes, 
hence it follows from Proposition lS.ll that there exists a strongly invariant equivalence Q^"-* = 
1 + hQo that transforms * into a new strongly invariant quantization which coincides 
with *o up to order 1. Now the skew-symmetric part of the second order term in k^"^ — *o 
yields a closed form wi G n'^{M)^ . 

Denote by *i the strongly invariant Fedosov star-product with characteristic 2-form uji. 
Lemma [273l tells us that the skew-symmetric part of the second order term in =i=i vanishes, 
hence it follows from Proposition l3.1l that there exists a strongly invariant equivalence Q^^^ — 
l + fi^Qi that transforms into a new strongly invariant quantization which coincides 
with *i up to order 2. 

Repeating this procedure we get a sequence of strongly invariant equivalences Q^*^^ = 
1 + h'^^^Qk {k > 0) and a sequence of closed forms Uk {k > 0) such that the strongly 
invariant quantization ^('^^ obtained from * by applying successively Q^°\ . . . , Q^''^ coincides 
up to order fc -I- 1 with the strongly invariant Fedosov star-product *k with characteristic 
2-form uji + ■ ■ ■ + h''~^ujk. 

Finally, the strongly invariant equivalence Q :— • • • Q^^-'Q'^^^Q'^*'-' transform * into the 
strongly invariant Fedosov star-product with characteristic 2-form uri — J2k>o ^^~^^k- D 

3.3. Classification of dynamical twist quantizations. Let T be a gauge equivalence of 
dynamical twist quantizations Ji and J2 of r. One can view T as an element in DifT([/ x 
G)*^^^[[?i]] such that T{u) = u for any u £ Of,* . Moreover if we denote by *■ the compatible 
quantization of tt^ corresponding to Ji (i = 1, 2) then it follows from an easy calculation that 

nf *'i g) = T{f) T{g) . 

Conversely, any G x iJ-invariant gauge equivalence T from to *2 which is such that 
T{u) = u for any u G 0|-,», that we will call from now a compatible equivalence, obviously 
gives rise to a gauge equivalence of the dynamical twist quantizations Ji and J2 ■ 

Therefore, the set of dynamical twist quantization of r up to gauge equivalences is in 
bijection with the set of compatible quantizations of tt^ up to compatible equivalences. 

Remember from Proposition 1 1 . 71 and Remark ll.Sl that any strongly invariant quantization 
is equivalent to a compatible one by a strongly invariant equivalence. Moreover the PBW 
star-product has the following nice property: for any ft. S f), ft*^'^"'" — ft". Hence any 
strongly invariant equivalence between two compatible quantizations is actually a compatible 
equivalence. Consequently: 

Proposition 3.5. There is a bijection 

{strongly invariant quantizations of iTr} {compatible quantizations of TTr} 
strongly invariant equivalences compatible equivalences 

End of the proof of Theorem ] 0.21 Assume that the dynamical r-matrix is symplectic. Then 
Theorem 10.21 follows from Proposition 13.51 and Theorem 13.41 □ 

4. The quantum composition formula 

In this section we assume that f) = t © m is a nondegenerate reductive splitting and 
we denote by rj" : t* D V ^ A^t) the corresponding symplectic dynamical r-matrix. Let 
p : f) ^ t be the t-invariant projection along m. For any function / on [}* with values in a 
f)-module L we write /|t* for the function fop* on t* with values in L viewed as a t-module; 
in particular if / is [)-invariant then /n* is t-invariant. 
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4.1. The classical composition formula (proof of Proposition 10. Sj) . Let p :U ^ A^g 

be a dynamical r-matrix with Z e (A'^fl)^. Then tt := tt^™ + iTp defines a g-quasi-Poisson 
structure (with the same Z) on the manifold X = VxHxUxG which is 

• i?- invariant with respect to left multiplication on H, 

• i?-invariant with respect to the right action on U x G, 

• T-invariant with respect to the right action onVxH. 

The right diagonal 7?-action, given by (r, x,X,y) ■ q — (r, g^^x, Ad*A, yq), actually comes 
from a momentum map: 

{T,x,X,y) I — > A - Ad*-i(p*r) . 

Consequently we can apply the reduction with respect to /i. The right ff-invariant smooth 
map 

il): X = VxHxUxG — > M — U nV x G 
{T,x,X,y) I — > {T,yx) 
restricts to a diffeomorphism /i~^(0)/iJ ^ M with inverse given by 
(r, y) K-^ (r,l,P*r, y) (t £ [/ n F , y G G) . 

Remark 4.1. From an algebraic viewpoint, we have an injective map of commutative 
algebras V* : Om Ox with values in = Ox/h and such that, composed with the 
projection O]^ 0\/{0%n < im{p*) >) = C^-i(o)/ff, it becomes an isomorphism. 

Since tp is obviously left G-invariant then it remains to show that the induced g-quasi- 
Poisson structure on M is 7rp|^,+r,"- Let i' G t C Ot* and f,g & Og- First of all we 
have 

{rt, rt'}x = {t, t'}x = [t, t'] = r [t. f] , 

hence {t,t'}M = [t,t']. Then 

{rt,rf}x = {<, f{yx)]x = 't" ■ {f{yx)) = (t ■ f){yx) = • /) • 

The third equality follows from the left i/-invariance oi t ^ . Thus {t, f}j^j — t ■ f. Finally 
{rf,rg}x{r,x,X,y) = ■{f{yx),g{yx))+^f ■{f{yx),giyx)) 

= (rfM • (/, 9)) (yx) + (p(Ad:Aj . (/, g)) (yx) . 
Therefore, when restricting to /z~^(0) one obtains 

{rf,r9}xir,x,Ad:-rip*r),y) = {^) ■ {f, g)){yx) + ■ (f, 9))iyx) 

= r{{rT + Pit')-{f,g)). 

> 

Therefore {/, g}M = {r^ + P\i*) ■ {f,g)- This ends the proof of Proposition 10.31 □ 

4.2. Quantization of the momentum map /z. Let us first consider {V x H^'Kr"'). There 
is a momentum map 

V -.V xH — > \)* 

{t,x) ^ -Ad^-l(p*T) 

with corresponding right 7?-action onV x H given by (r, x) ■ q = (t, q^^x). 

Like in subsection 12.31 one has a T-invariant and i/-invariant torsion free connexion on 
V X H, therefore from Proposition 12.51 the corresponding Fedosov star-product * is both 
strongly [)-invariant and strongly t-invarianlQ. 

^Remind that we also have a momentum map V x H —>■ i* ; (t, x) t-^ t with corresponding right T-action 
given by (r, x) ■ b = (AdKr), xb). 
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Then Proposition 11.71 tells us that there exists a strongly t-invariant (and iJ-invariant) 
equivalence Q such that := is a compatible quantization of TTr". Consequently we 
can define the following algebra morphism: 

N o U{v*) o sym : {O^. [[h]], *pbw) ^ {OvMm. *') • 

It is obviously a quantization of the Poisson map v and, moreover, for any /i S f) and any 
/ G OvxH one has 

[N(/i), = Q-\[v*h, Q{f%) = Q-\h{v*h, Q(/)}) = h{v*h, /} . 
In other words, N is a quantum momentum map quantizing v. 

Let us now assume that we know a dynamical twist quantization J(A) : U ®^Uq[[K\\ of 
p{X) (with some associator and denote by *j the corresponding compatible quantization 
of TTp on 17 X G. Together with *' it induces a quantization *'j of 77^™ + iTp on X (with the 
same <&). 

Remark 4.2. Actually *j is the compatible quantization corresponding to the dynamical 
twist quantization J(t,A) := J^{t)J{\) : {t ® \))* D V x U — > (8)2[/(f) © Q)[[h]] of the 
dynamical r-matrix r(r, A) :— r{"(r) + p(A) : F x [/ — > A^(f) ©fl). Here J" is the dynamical 
twist quantizing r[". 

For any / G O^. we define M(/) (N ® inc) o A(/) G {Ovxh ® OuxaWh]] = OxM]. 
Here inc : '-^ Cc/xg is the natural inclusion and A : Otj* (8) Oi,* = Ci)*xf)* is 

defined by A(/)(Ai, A2) = /(Ai + A2). 

Proposition 4.3. The algebra morphism 

M:{0^m],*PBw)~^{Oxm],*'j) 

is a quantum momentum map quantizing /i. 

4.3. Quantization of the composition formula (proof of Theorem 10.411 . Let us as- 
sume that J is a dynamical twist quantization of p and keep the notations of the previous 
subsection. 

Denote by X the right ideal generated by im(M) in (Oxii^]], *'j) and consider the reduced 
algebra A := 0^[[a]]/0^[[S]] n J. Let = ^* + 0{h) be the composition of ^j* : OmUH]] 
0\[[h]] with the projection ^ A ^ C'^-i(o)/_f/[[^]]- It is obviously bijective and 

G- invariant (since ip* is), therefore it defines a quantization ? of the quasi-Poisson structure 
TTrm+pi,. . We end the proof of Theorem 10.41 using the following proposition: 

Proposition 4.4. * is a compatibe quantization. 

Proof. First of all for any u, w G Of one has 

{lp*u) *j {lp*v) — U *'j V = U *PBW V = 1p*{u *PBW v) ■ 

Consequently uiv — ^'"^(^'(u) -a '^{v)) — u *pbw v. 
Then let u G Of and / G Oq. On one hand 

(-0*/) *j -0*" = ifiyx)) u = f{yx)u = V*(/u) 
and thus fiu — fu. On the other hand for u = {t G t) one has 

n 

n n 

= Y.h^Cl{t^ ■ f){yx)f'-^ = 0*(^n^-C^(?'= • . 

k=0 fe=0 

Therefore t"?/ = X]fe=o ^^^ni t ■ The proposition is proved. □ 
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